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Abstract. The paper presents mathematical and numerical models of
the blood flow in human arteries. We describe selected modelling tech-
niques for the mechanical phenomena occurring in the arteries: blood
flow, displacement of the wall and the fluid-structure interaction be-
tween the blood and the wall. The paper concentrates on the theoreti-
cal results showing the conditions of applicability of presented models.
We describe variational models for the Casson flow of blood as well
as stochastic Fluid Particle Model (FPM) modified for the nonlinear
flows. For the artery wall we describe the model which is the physically
nonlinear Koiter shell and the Finite Element Method (FEM). We also
present the simulations of the fluid-structure interaction that uses the
weakly coupled approach of FPM for blood with FEM for the wall.




Rapid development of noninvasive medical measurements in the arterial
system as well as the huge increase of computational power in recent years
opened a broad opportunity of modelling complex physiological processes in
the central circulatory system. Such models not only constitute a valuable
contribution leading towards the better understanding of the physiological
phenomena but they can also be applied in diagnostic purposes of the typical
pathologies that can be observed in particular for older people like hyperten-
sion, aneurysm and artheriosclerosis or cardiac insufficiency.
The paper presents the synthesis of the results obtained by the team work-
ing in the Department of Image Processing and Recognition at the Institute
of Computer Science at the Jagiellonian University.
2. Essential features of blood flows in the central circulatory
system
Recently there has been discovered a very interesting physiological pro-
cess, which was so far investigated only partially quantitatively (see [12, 21]).
This is the phenomenon of the resonance, which takes place between the
heart and the central part of the arterial system from the aorta to the nar-
row and rigid arterioles. This part of the arterial system is responsible for
the fast and effective distribution of oxygenated blood to all of the organs
of the human body. The flow in this section of the circulatory system is
unsteady with the large fluctuations of velocity (see [12, 18, 21]). However,
it has a cyclic behavior, with the cycles being governed by the heart systoles
and eruptions of blood from the left heart ventricle to the aorta. Eruption of
blood is accompanied by a rapid increase of the pressure in the aorta followed
by the local deformation of the vessel walls. The kinetic energy of blood is
transformed through the increase of pressure to the energy of elastic wall
deformation. Shrinking walls, in turn, bounce the energy that can be recon-
verted to the kinetic energy of blood. Due to this phenomenon known as the
Windkessel effect (see [3, 21]) the pulsatory inflow of blood into the arterial
system is turned into the constant outflow providing the almost constant flow
of blood to the capillaries as it is required by organs and tissues of the body.
The elasticity of the walls makes the mentioned wall displacement (called the
peristaltic wave or pulse wave) propagate along the arterial system. Wavelike
behavior of pulse allows the fast and effective transport of blood along the
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arterial tree and furthermore makes it independent of the gravity [3]. The
peristaltic wave reflects at the rigid endings of arteries (called the arterioles)
and partially returns to the heart. The ECG measurements show that in
one heart cycle we observe the one clear comeback of the reflected wave [18].
This resonance takes place when the first returning reflected wave comes
back to the heart during the diastole of the left ventricle. The blood that is
transported with this wave enters the coronary vessels providing blood and
nutrients to the heart muscle. We note here the astonishing fact that it has
been observed that the returning waves from all the branches of the arterial
tree exactly synchronize in the aorta [14].
As it has been noted, the resonance plays a crucial role in proper per-
formance of the circulatory systems and in turn the whole human organism.
The average velocity of the peristaltic wave varies from 3 [m/s] to 10 [m/s]
(depending on the wall thickness and the wall elasticity), while the average
velocity of the blood flow in the artery is usually smaller than 1 [m/s]. We
also stress the huge variability both in space and time of the local values of
blood velocity in arteries. Precise USG observations show that in some areas
of the large vessels blood can flow in both directions: from the heart in the
central part and due to the returning wave to the heart in the vicinity of the
walls (see [18, 21]).
3. Models of the pulsatile blood flow
3.1. Rheology of blood







where τ is the shear strain, γ̇ is the shear rate and τY and η are certain
physical parameters dependent on the blood haematocrite [12]. The Taylor
formula approximating the equation 1 up to the term of order one states
τ = ((τY η)
1
2 |γ̇|− 12 + η)γ̇ +O(|γ̇|2). (2)
The general constitutive equation is assumed to define the stress to strain
rate according to the following formula
pij = 2η (‖e‖) eij − pI, (3)
38









) and pji are the coordinates of the strain rate and
the stress tensor, respectively and u and p are the velocity and pressure of






2 in a specific
point of the domain of flow. We assume that this flow is incompressible so
div u = 0 and the strain rate tensor reduces to its deviatoric part. Using the
representation (3) and the approximation (2) we can generalize the Casson
formula to the form in which viscosity depends locally on the norm of the
shearing part of the Green tensor ‖e‖ (see [18])
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eij for ‖e‖ ∈ (ξ0, ξ1)
η1e
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j for ‖e‖ ∈ [ξ1,∞)
(4)






i + η. At the threshold values
ξi the blood flow model changes from the Newtonian to Casson one. The
coefficient ξ0 was assumed to be very small to overcome the singularity of
the above formula in the vicinity of ‖e‖ = 0. On the other hand the upper
coefficient ξ1 depends on the haematocrite of blood (for instance for the
haematocrite of 33% we have ξ1 = 700 [s
−1] see [12]). Further on we will use
the notation 2ηC (‖e‖) = F (‖e‖).
3.2. Simplified variational models of the blood flow in the moving
domain
Let us consider the pulsatile blood flow in a specific section of the artery.
The peristaltic wave may be considered as a propagation of a local displace-
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ment (stretching) of the vessel. We assume that this propagation takes place
with a constant velocity c. We will use two systems of coordinates: a station-
ary one {Xi} and a system {xi} moving with the velocity c together with the
pulse wave. In such the system the flow may be assumed to be stationary.
Let Ω denote the domain of the flow. We assume that Ω does not change
in the moving system. The boundary ∂Ω is subdivided into two disjoint parts
(see Fig. 1). In the system {xi} the walls of the vessel move with the velocities
−c and, assuming no slip this is also the velocity of blood on ∂Ω1. After the
eruption of blood the arterial valve closes the arterial tree so the transport
of blood is due only to the peristaltic wave. We may assume that blood does
not move outside the domain Ω so in the moving system the velocity of blood
outside Ω equals −c which also causes e = 0 outside Ω. Let us notice that
also e = 0 outside Ω in the stationary system. These observations lead to
the following boundary conditions
u = −c on ∂Ω1, (5)
e(u) = 0 on ∂Ω2. (6)
We also assume that the pressure p ∈ H1(Ω) is known on the whole boundary
in the sense of traces [8]
p = g on ∂Ω. (7)
Now we can formulate the variational boundary value problem.
(P) Find u ∈ V such that for each v ∈ V we have a(u,v) = f(v),
where
V = {u ∈ H1(Ω)3, tr u = 0 on ∂Ω1, div u = 0}, (8)
a : V × V → R, a(u, v) = ∑3i,k=1
∫
Ω F (‖e(u)‖)e(u)ki e(v)ki dx, (9)
f : V → R, f(u) = ∑3i=1 ∂p∂xiui dx. (10)
The function p ∈ H1(Ω) represents the boundary pressure in the sense of
traces tr p = g. Having calculated the velocity field u ∈ V it is possible
to calculate the nontrivial pressure p inside the domain Ω using the simple
integral formula (see [23]).
However, the Newtonian approach for the blood flow is inappropriate in
general. It can result in the good approximation of the shape of the maximum
velocity profile in the artery throughout the whole cardiac cycle (see Fig. 2).
Velocity profiles obtained using the linear model are parabolic in shape, while
the medical measurements show that profiles are flat in the central part of the
vessel. As a consequence, velocities obtained from the numerical computa-
tions are higher than those obtained by the measurements. To obtain better
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Fig. 2. A comparison of the velocity profile in displaced section of the artery
obtained by the USG measurement with the numeric solution of the problem (P)
obtained using the Finite Element Method [18]
consistence of simulation results with medical measurements we decided to
use the nonlinear Casson model combined with the Fluid Particle Method
(FPM).
3.3. Overview of the Fluid Particle Model
The Fluid Particle Method consists in defining mesoscopic objects (parti-
cles – “droplets” of fluid) and establishing physical forces between them. The
coarsening is performed through the Voronoi tessellation, which allows one
to divide physical space into a set of nonoverlapping cells that cover all the
space in a well-defined manner. Given a discrete set of N points (that can be
distributed at random) the Voronoi tessellation assigns to each point (called
the “cell center”) the region of space that surrounds it and that is nearer to
this point than to any other point of the set. We assign each fluid atom to the
nearest cell center. The quantities describing the state of the fluid particle
(its mass, volume, density, velocity, angular velocity) are defined on the basis
of states of each fluid atom assigned to the center of the fluid particle (see
[9] for more details).
The evolution of the system of fluid particles is defined by the following
41

















































In above formulae by I we denote the inertia tensor and by 1 the identity





ij and the corresponding stochastic contribution F̃ij . Stochastic
noise is represented by independent increments of the Wiener process dWij .
Let us denote by ri and rj positions of i
th and jth particle respectively, and
by rij = rj − ri the vector connecting both particles. Let εij stand for the
versor of rij . The first contribution is assumed to arise from a conservative
potential that depends on the separation distance between particles i and j.
FCij = −V ′ (‖rij‖) εij . (12)
The second contribution is a friction force that depends on the relative trans-
lational velocities of particles i, j, with velocities vi, vj
FTij = −γmT (rij)vij , (13)
vij = vj − vi means relative velocity, γ is some friction parameter, m is
the mass of each fluid particle (which may be defined as mass of a computa-
tional domain subdivided by the number of fluid particles). The last classical
contribution is a rotational force
FRij = −γmT (rij)
(rij
2
× (ωi + ωj)
)
. (14)
T (rij) is defined as the following matrix
T (rij) = A (rij)1 +B (rij) εij ⊗ εij , (15)
where 1 is the identity matrix, ⊗ denotes the tensor product and
R
3 ∋ rij → A (rij) , B (rij) ∈ R (16)
are scalar functions that parameterizes classical forces. The stochastic force





ij + B̃ (rij)
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where σ is a parameter governing the overall noise amplitude, R3 ∋ rij →
Ã (rij) , B̃ (rij) , C̃ (rij) ∈ ℜ, are scalar functions that parameterize stochas-




ij are the traceless
symmetric and anti-symmetric random matrices, respectively, (see equation
(14) in [9]). Each of the three contributions to the stochastic force is con-
nected with one of the three contributions to the classical forces. We remark
here that the stochastic Brownian factor in the macro-scale simulations is
very small and can be neglected in all the simulations.
Considering the equilibrium of the system of particles, the following re-


























Here KB is the Boltzmann constant, T is the temperature of the system in
the equilibrium state.
In order to model the flow of the fluid by using FPM, it is only needed
to define one group of force parameters (e.g. A, B) and calculate the second
one (e.g. Ã, B̃ and C̃) by relations (18). It is also necessary to relate the
stochastic noise amplitude σ with the friction parameter γ using relation
(19).
The rheological properties of the fluid are defined by parameters of inter-
particle forces in the FPM. FPM was originally formulated to simulate the
flow of Newtonian fluids. The inter-particle force parameters depend on
the constitutive equation coefficients in a way determined by some integral
relations. To map the properties of the particular Newtonian fluid into the
model, interparticle forces should be defined to get the required values of
viscosity coefficients.
The derivation presented by Español [9] leads to the dependence of some
FPM parameters and the strain rate tensor. The comparison of this formula
to the Newton constitutive equation allows us to identify the relation between
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B (R) dR, B2 =
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where γ, m, KB, T are some model constants defined above, and n is the
number density field.
3.4. The modification of the Fluid Particle Model
The current FPM theory based on the Chapmann-Enskong method [5]
does not give us the possibility of associating the coefficients from the Casson
constitutive equation with the interparticle forces parameters, because of the
non-linear form of the Casson equation.
To model blood as the Casson fluid, the following modification to the
classical FPM has been introduced. The derivation is dedicated to the Casson
fluid, but it may be easily generalized to some class of rheo-stable fluids [12],
modelled as a simple fluid [11].
Further on we will use symbols AN , BN for the interparticle force formulas
of the classical FPM (expressing the Newtonian fluid viscosity according to
(20)), and A, B for the formulas of the modified FPM. In the classical FPM
for the Newtonian fluid inter-particles force parameters AN , BN are related
with the required viscosities ξ, η by the relations (20). For each pair of the
interacting particles, inter-particle force parameters (16) are estimated at the
beginning of the current time step, and, due to the nonlinearity, remain valid
only during the one time step, in our modified version of FPM.
In the modified FPM we perform some local numerical measurements of
the norm of the Green tensor. Then, we adjust the non-linear viscosities ac-
cording to formulae (20) basing on the norm of the Green tensor estimations.
The measured viscosity has been estimated from assumed non-linear consti-
tutive equations. In current simulation, we have used most simplified way
of estimating ‖e‖. For a given pair of the interacting particles we estimate































Fig. 3. Successive linear approximating of the Casson constitutive equation
can estimate each term ∂vi
∂xj












Applying (4) as a constitutive equation we get the viscosities η1 for ‖e‖ ≥
ξ1 and η0 for ‖e‖ ≤ ξ0. Moreover, in the range ‖e‖ ∈ (ξ0, ξ1) the blood









2 ‖e‖− 12 + ηB
)
. (21)
The viscosity coefficients may be locally adjusted by the modification of
the inter-particle parameters AN , BN by using the formula (20). The new
relationships for inter-particle force parameters should be invented in such
way, that the dependency on the local value of the norm of the Green tensor
are involved, so
R
3 × R ∋ (rij, ‖e‖) → A (rij , ‖e‖) , B (rij, ‖e‖) ∈ R. (22)
The aim of this paper is to present the derivation of transport coefficients
from the modified inter-particle forces, taking into account the non-linear
Casson stress. We show that it is possible to perform similar derivation of
the transport coefficient that has been originally given by Español for the
linear case, even in case in which functions (16) depend also on ‖e‖ as in
(22).
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Theorem 1. (see [18]) If the inter-particle force parameters depend on
‖e‖ and the gradient ∇ (‖e‖) vanishes, then











γD (A0 (‖e‖) +B0 (‖e‖))
, (23)



























B (R, ‖e‖) dR,
B2 =
1
D (D + 2)
∫ RCUT
0
R2B (R, ‖e‖) dR, (26)
γ, m, n, KB, T are some physical parameters, and the modified FPM simu-
lates the flow with the non-linear constitutive equation
p
i(d)




j = ξ (‖e‖)
1
3
div (u) δij . (27)
Theorem 1 is dedicated to the modification of the Fluid Particle Model [9].
The case of the FPM when AN = 0 corresponds to the Dissipative Particle
Dynamics (DPD) [9, 13]. For the DPD we present the adjustment which
enables to model the flow of blood described as the Casson liquid. We also
assume the incompressibility, so the value of ξ coefficient (23) is negligible,
and the constitutive law (27) reduces to p
i(d)
j = 2η (‖e‖) eij. However, the
general considerations presented by Theorem 1 may be applied to the non-
linear compressible fluid with both ξ (‖e‖) and η (‖e‖) viscosities modelled
by the FPM.
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Definition 1. (see [18]) Let us define the modified DPD macro-scale
blood flow simulation parameters:




)2 · 10−2 = 2.827 · 10−7m3 area.
• The number density field n = N
V
= 3.537 · 1010.
• The mass of the fluid particle is of the order m = M
N
= 2.99 · 10−14kg,
where M = ρV is the mass of the blood filling the area V (a density of
blood is ρ = 1.06 · 10−3kg/m3).
• The spatial dimension D = 3.
• The threshold distance RCUT = 10−3.




1 for R ∈ [0, RCUT )
0 for R ∈ [RCUT,+∞),
(28)
AN (R) = 0. (29)





2 ‖e‖− 12 + ηB
)
(30)
may be involved in the modified FPM with the macro-scale blood flow param-
eters (see Definition 1 and 2), by the following definition of inter-particle
force parameters








with proper model parameters m, n, RCUT, γ and the interparticle force
parameters AN, BN given by Definition 2.
3.5. Numerical results for the modified FPM simulation of the
non-linear blood flow problem
We simulate the propagation of the pulse wave in the infinite length tube,
using the modified FPM, which, according to Theorem 2, models the non-
linear Casson fluid.
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Fig. 4. The initial distribution of particles
We notice here that, as the simulation was performed in the macro-scale,
the stochastic term was neglected in the computations. We must remember
here that, classically, FPM-like methods are designed to perform the flow
simulations in the scale of micrometers and in the macroscale we can ob-
serve nonphysical behavior like the freezing of the system of fluid particles,
resulting in suppression of longer simulations. In order to fully investigate
the properties of the described FPM algorithms for the Casson flows, the
simulations in mesoscale should be also performed.
The advantage of macroscale simulations is, that, according to Theorems
3 and 6, the nonlinear Casson flow is modeled without the necessity of com-
puting the stochastic terms. Furthermore, the velocity distributions obtained
by the performed simulations are compliant with the medical measurements
(see Figs. 5 and 6).
The interaction with the vessel wall has been assumed according to [10]
as a particles reflection with reversing of a normal velocity component. We
restrict our consideration to the 10 cm long tube, since the number of par-
ticles that leave the modelled area by the inflow and the outflow part of the
boundary during the simulation has been statistically negligible. We assume
the initial velocity distribution in the modelled area (see Fig. 4) where parti-
cles filling the inflow part of the vessel have the velocity 1 m/s directed along
the vessel. Particles were quiescent in the remaining part of the vessel. A
predictor-corrector method [1] for solution of ordinary differential equations
of the motion of a set of particles has been used, because of detected insta-
bilities of the Euler scheme [18]. We have performed 100 time steps of the
simulation as the first test of the method . The longer run tests with smaller
length of the time step are required in order to fully investigate the stability
of the method. Moreover, the bigger number of timesteps is needed to ex-
press the pulse wave created by the interactions between fluid particles and
the arterial wall, and not only by the numerical sound wave traveling through
the vessel. Also the larger number of timesteps is needed to satisfy the Gibbs
equilibrium conditions. Then, the presented results should be understood as
some preparation for performing the longer simulation in the mesoscale.
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Fig. 5. Blood flow velocity distribution measurements at the central part of the
carotid artery. The local maximum of blood velocity, identified as a pulse wave,
propagates with the velocity 10 m/s
Fig. 6. Maximal velocities from particular segments of the vessel, after 100 time
steps of the modified DPD simulation, for blood understood as the Casson fluid
The numerical results were compared to the medical measurements data
(see Figs. 5, 6, 7). The simulation has been performed using the object-orien-
ted software system [17]. Comparing medical data with the simulation results
(Figs. 5 and 6) we see that they are consistent. Velocities of the blood flow
and wave propagation coincide. Furthermore the velocity profiles obtained
in the computation are flat in the central part of the vessel which signifies
the Casson behavior (Fig. 7). Similar behavior has been obtained by many
medical measurements.
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Fig. 7. Velocity profiles that have been drawn after 100 time steps of the simulation
4. Wall models
4.1. Assumptions
In this section we present our model of the arterial wall which is the part
of our holistic intrinsic local model of the blood flow in the elastic artery. We
remark here that our model constitutes a valuable alternative to the more
common Arbitrary Lagrangian Eulerian (ALE) formulation of fluid structure
interaction problems for the two following reasons:
• In ALE formulation as it solves the whole system of equations govern-
ing the motion of the solid and the flow of the liquid, the complexity
of the mathematical equations and, what follows, the computational
complexity of underlying numerics is very large.
• As ALE formulation combines many types of nonlinearities in the equa-
tions, the theoretical results concerning well posedness of given prob-
lems are possible to achieve only for simplified linearized formulations
(like the inviscid 2D flow in the domain bounded by the 1D wall that
can displace only in one direction [21]) which are certainly insufficient
to express the mechanical properties of blood.
We assumed that the wall of an artery is approximated as an elastic,
physically nonlinear thin shell. The wall of an artery comprises the biological
tissue that has the ability of altering its mechanical properties (like the elastic
modulus or the thickness) in response to many different signals. Such signals
are for instance the change of blood pressure or the shear stresses on the wall
or the displacement of the wall itself. The purpose of those phenomena, which
are of a strongly nonlinear character, is the self-regulation of the blood flow
and the wall motion. A very simple, passive in its nature, nonlinear response
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of the wall is caused by the presence of the nylon-like collagen fibres which
become stiffer as the deformation increases (see [20]).
We also remark here that in our model the wall is an entirely passive
elastic body. In real there can be also observed the active response of the
tissue as the wall of course contains muscles that can thin and stretch and
cause the radius of the vessel to change. More accurate models should take
this phenomena into account.
Of course the thickness of the walls varies in different arteries and changes
in time, however it is reasonable to assume that it is small. In fact the wall
thickness is 5 to 10% of the diameter of the whole artery. Furthermore,
the assumptions that the walls are thin, highly decrease the computational
complexity of the wall displacement problem. Owing to this assumption
the solutions to formulated problems are sought only on the 2 dimensional
domains. This feature makes our wall models very effective and therefore
suitable to collaborate with the effective FPM model of the flow without
decreasing its performance.
4.2. Equations of the nonlinear shell theory
The linear thin elastic shell has already been used as a model for the
arterial wall by Perktold [20]. Several authors (see for instance [2, 6]) use
nonlinear constitutive equations in 3D elasticity (of which most common is
the exponential one) however there is no agreement which model is the best
one to express the physiological properties of the tissue. In all those models
the elastic modulus increases with the increasing strain.
In our model we intend to express the nonlinear behavior of the shell such
that the elastic modulus increases with the increasing strain.
As the mathematical model of the wall we chose the Koiter shell (see for
instance [4]). In this model we assume that for the middle surface of the shell
there exists a sufficiently smooth global parameterization ϕ : R2 ⊃ ω → R3.
In the following equation we use the notation aα =
∂ϕ
∂xα
α ∈ {1, 2} for the
covariant base in the chart ϕ, aα for the base contravariant to aα, a
3 = a3 for






a for the unit area in the parameterization ϕ. We also use the
simplified notation for the partial derivatives ∂f
∂xα
= ∂αf .
The unknowns in the shell model of the wall are the three components of
the displacement of its middle surface which are defined in the parameteriza-
tion coordinates. The space of solutions for the variational equation is given
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by
V = {v ∈ H10 (ω; R3) : ∂αβv · a3 ∈ L2(ω)}. (32)
The strain for the shell is expressed through the membrane and bending




(∂αu · aβ + ∂βu · aα), (33)
and
Υαβ(u) = (∂αβu− Γραβ∂ρu) · a3. (34)

















In this equation e is the shell thickness, P defines the load of forces acting
on the wall while the aαβρσ is the (linear) constitutive tensor.
Nonlinearity is expressed in the model through the functions φ and ψ.
The strain strengthening behavior of the material is expressed by the fact
that those functions increase with the growing local value of the strain rate.








which express the density of the energy of membrane and bending defor-
mation for the linear case respectively. We quote the following results (see
[15])
Theorem 3. If φ : ω × [0,∞) → R and ψ : ω × [0,∞) → R satisfy the
following assumptions
(i) φ(·, t) and ψ(·, t) are Lebesgue measurable for all t ∈ [0,∞),
(ii) φ(x, ·) and ψ(x, ·) are continuous for almost all x ∈ ω,
(iii) there exists M > 0 and m > 0 such that for all t ∈ [0,∞) and almost
all x ∈ ω we have
m ≤ φ(x, t) ≤M and m ≤ ψ(x, t) ≤M, (38)
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(iv) for all t ≥ s ≥ 0 and almost all x ∈ ω we have
φ(x, t)t− φ(x, s)s ≥ 0, (39)
ψ(x, t)t− ψ(x, s)s ≥ 0, (40)
(v) for all r > 0 there exists l > 0 such that for any two real numbers
t ∈ [0, r] and s ∈ [0, r] and almost all x ∈ ω we have
|φ(x, t)t− φ(x, s)s| ≤ l|t− s|, (41)
|ψ(x, t)t − ψ(x, s)s| ≤ l|t− s|, (42)
then the solution set of the problem (35) is nonempty, convex and weakly
closed.
Theorem 4. If φ : ω × [0,∞) → R and ψ : ω × [0,∞) → R satisfy the
following assumptions
(i) φ(·, t) and ψ(·, t) are Lebesgue measurable for all t ∈ [0,∞),
(ii) φ(x, ·) and ψ(x, ·) are continuous for almost all x ∈ ω,
(iii) there exists M > 0 such that for all t ∈ [0,∞) and almost all x ∈ ω we
have
φ(x, t) ≤M and ψ(x, t) ≤M, (43)
(iv) there exists m > 0 such that for all t ≥ s ≥ 0 and almost all x ∈ ω we
have
φ(x, t)t − φ(x, s)s ≥ m(t− s), (44)
ψ(x, t)t − ψ(x, s)s ≥ m(t− s), (45)
(v) for all r > 0 there exists l > 0 such that for any two real numbers
t ∈ [0, r] and s ∈ [0, r] and almost all x ∈ ω we have
|φ(x, t)t− φ(x, s)s| ≤ l|t− s|, (46)
|ψ(x, t)t − ψ(x, s)s| ≤ l|t− s|, (47)
then
A. the problem (35) has exactly one solution u,
B. the problem (35) is stable with respect to the shell load,
C. the corresponding finite dimensional Galerkin problems have exactly one
solution uk,
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D. there exists a constant K > 0 independent of the choice of V k such that
the following inequality is satisfied:
‖uk − u‖ ≤ K inf{‖v − u‖ : v ∈ V k}.
Corollary 1. If φ : ω × [0,∞) → R and ψ : ω × [0,∞) → R satisfy the
following assumptions
(i) φ(·, t) and ψ(·, t) are Lebesgue measurable for all t ∈ [0,∞),
(ii) φ(x, ·) and ψ(x, ·) are C1[0,∞) for almost all x ∈ ω,
(iii) there exist M > 0 and m > 0 such that for all t ∈ [0,∞) and almost
all x ∈ ω we have
m ≤ φ(x, t) ≤M and m ≤ ψ(x, t) ≤M, (48)
(iv) φ(x, ·) and ψ(x, ·) are increasing,
then they also satisfy the assumptions of Theorem 4.
4.3. Numerical realization of the solution
The geometrical assumption that the undeformed vessel is the cylinder
with the constant diameter was used for the computations. As an approxima-
tion we applied the structured mesh of the Lagrange triangles of the second
order. To solve the finite dimensional system of nonlinear equations we used
the Newton method. We stress the fact that in the numerical solution we
observed the nonphysical oscillations in the vicinity of the large gradients of
the solution. This is caused by the presence of first order terms in the shell
equations [22]. Currently the code that uses the FCT (Flux Corrected Trans-
port) method (see [24]) that acts on the discrete version of the equations to
stabilize the solution of the unsteady problem is developed.
Fig. 8 presents the deformed 6 [cm] long fragment of the artery and the
distribution of pressure that has been used as P in the right-hand side of the
shell equation (35). The constants in the constitutive equations come from
the medical measurements [20, 21].
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Fig. 8. The displaced section of the artery of length 6 [cm] and the distribution of
pressure in the aorta
Fig. 9. A scheme of the fluid-structure interaction algorithm used in computations
5. Models of fluid-structure interaction
5.1. Fluid-structure interaction modelling technique
As it was mentioned we chose the weakly coupled scheme for the fluid-
structure interaction problem, which constitutes a valuable alternative to
more commonly used strongly coupled ALE based approaches. The technique
similar to our has been also used to couple the FEM model for blood with
the FEM linear model for the wall by Quarteroni [21]. The weakly coupled
approach enables to take advantage of existing codes solving the flow and the
wall problems.
Fig. 9 presents a scheme of the algorithm used in our model. The algo-
rithm has four following phases:
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• The first phase is performing one (or several) time step of the fluid
calculations using the FPM method modified to nonlinear flows. The
result of this computation is the new configuration of the liquid being
in the vessel.
• During the flow calculations we remember the number of particles hit-
ting the wall and the momentum passed to the wall that allows to
compute the force acting on the wall; this force is used as an input for
the shell problem.
• The third phase is calculation of the wall displacement using the non-
linear variational model of the thin shell.
• The final phase is the reconfiguration of the flow domain which is based
on the calculated wall displacements. We assume that the particles that
fall outside the domain reflect from the wall.
Fig. 10. Particles velocity profiles after 10 time steps of the simulation. As a
result of interparticle interactions, in consecutive time steps, momentum transfer
occurred, and the velocity profile of particles could be observed. The model illus-
trates a formation of the pulse wave propagating with the velocity 10 m/s. The
forces resulting from interactions of particles with the vessel wall have been marked
by grayed vectors
Fig. 11. The Finite Elements Method application to thin shell equations. A de-
formation of the vessel wall obtained from the FEM application based on the forces
obtained from the FPM marked in Fig. 10
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Table 1. The set of parameters used during the modified FPM simulation
Parameter Value
Number of particles N N = 105 on each V = 2.837 · 10−6m3
Number density field n n = N
V
= 3.537 · 1010
Mass of fluid particle m m = M
N
= 2.99 · 10−14kg
where M = ρV is the mass of the blood filling
the area V and density of blood is
ρ = 1.06 · 10−3kg/m3
Time step length △t = 10−4s
Total number of time steps 100
B (rij , ‖e‖) Given by (31)
Threshold distance RCUT = 10
−3m
Friction coefficient γ γ = 5.4 by the relation (19)
Young modulus of the wall E = 105Pa
Poisson ratio of the wall ν = 0.5
Undeformed vessel length 10cm
Undeformed vessel radius 1cm
5.2. Results for the contact problem
We have modelled the episode essentials in the initiation of the pulse wave
in the ascending aorta, i.e. the blood inflow into the ascending aorta, the
distension of the arterial wall, and the propagation of the velocity profile in
blood. The flow of blood has been simulated by using the modified Fluid
Particle Model, with blood understood as the Casson fluid. In order to
calculate the displacements of the vessel wall we have applied the Finite
Element Method to thin shell equations. The results of the simulation are
presented in Figs. 4, 10, 11.
It should be emphasized that in Figs. 4, 10 only the moving particles
(particles with non-zero velocity vectors) are indicated by their velocity vec-
tors which have been scaled proportionally to their length. The distribution
of particles within the modelled area during the simulation remains almost
uniform.
In the simulation we obtained the initiation of the pulse wave in the
aorta. All the parameters of the simulation are summarized in the Tab.
1. We notice here that the space-time scale for the particle calculations
has been macroscopic (which allowed to neglect the stochastic terms in the
computations) and to validate the model properly the mesoscopic simulations
have still to be performed.
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6. Final remarks
To conclude we can formulate the following remarks:
• We presented variational models for both the blood flow and wall dis-
placement which by means of nonlinearities express specific features of
the blood flow and wall motion.
• For both variational models we give the existence and uniqueness results
as well as stability and convergence of numerical methods.
• We presented the adjustment of the FPM method which allows it to
model the blood flow. We showed that the modified FPM solution
converges to the solution satisfying the Casson constitutive equation.
• We successfully combined the variational FEM model for the wall with
the stochastic FPM model for the flow to obtain the fluid-structure
interaction model.
Finally we remark that we only managed to simulate some specific features
of the arterial blood flow. The phenomenon itself is very complex and still
constitutes many challenges to be taken.
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[17] Paszyński M., Object Oriented Software System that Performs Fluid Particle
Model Simulation in the Area with Moving Boundary and its Application to the
Blood Flow Problem, Computer Assisted Mechanics and Engineering Science,
3, 2003.
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[19] Paszyński M., Schaefer R.; The modeling of non-linear fluid by the fluid particle
model, with the application to the blood flow simulations, in: Proc. of the 8th
National Conference on Application of Mathematics in Biology and Medicine,
 Lajs, Poland, 2002, pp. 101–107.
[20] Perktold K., Verdonck P., (eds.); Intra and Extracorporeal Cardiovascular Fluid
Dynamics, Vol. 2: Fluid Structure Interactions, WIT Press, Southampton,
Boston 2000.
[21] Quarteroni A., Tuveri M., Veneziani A.; Computational vascular fluid dynam-
ics: problems, models and methods, Comput. Visual Sci., 2, 2000, pp. 163–197.
[22] Quarteroni A., Valli A.; Numerical Approximation for Partial Differential
Equations , Springer-Verlag, New York 1994.
[23] Temam R.; Navier-Stokes Equations Theory and Numerical Analysis, North-
Holland, 1979.
[24] Turek S., Kuzmin D.; Flux correction tools for finite elements, Int. J. Comput.
Phys., 175, 2002, pp. 1–34.
Received March 24, 2004
